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NORMALIZED JENSEN FUNCTIONAL, SUPERQUADRACITY
AND RELATED INEQUALITIES
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Abstract. In this paper we generalize the inequality












obtained by S.S. Dragomir for convex functions. We provide cases where we
can improve the bounds m andM for convex functions, and also, we show that
for the class of superquadratic functions nonzero lower bounds of Jn (f,x,p)−
mJn (f,x,q) and nonzero upper bounds of Jn (f,x,p)−MJn (f,x,q) can be
pointed out. Finally, an inequality related to the Cˇebysˇev functional and
superquadracity is also given.
1. Introduction
In this paper we consider the normalized Jensen functional












i=1 pi = 1, f : I −→ R, and I is an interval in R.
This type of functionals were considered by S. S. Dragomir in [5], where the
following theorem was proved:
Theorem 1 ([5, Theorem 1]). Consider the normalized Jensen functional (1.1)
where f : C −→ R is a convex function on the convex set C in a real linear space,
and x = (x1, ..., xn) ∈ Cn, p = (p1, ..., pn) , q = (q1, ..., qn) are nonnegative
n-tuples satisfying
∑n
i=1 pi = 1,
∑n
i=1 qi = 1, qi > 0, i = 1, ..., n. Then




























. Although x = (x1, ..., xn), xi ∈ I, i = 1, ..., n
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is not necessarily a monotonic n-tuple, we use Jensen-Steffensen’s inequality that









, x = (x1, ..., xn) is any monotone n-tuple in In, and a =
(a1, ..., an) is a real n-tuple that satisfies the condition:
(1.4) 0 ≤ Ai ≤ An, i = 1, ..., n , where Ai =
i∑
j=1
aj , and An > 0
(see for instance [6, page 43]).
In Section 2 we also show that for a class of superquadratic functions defined
below, nonzero lower bounds of Jn (f,x,p) − mJn (f,x,q) and of Jn (f,x,p) −
m∗Jn (f,x,q) and nonzero upper bounds of Jn (f,x,p) − MJn (f,x,q) and of
Jn (f,x,p) −M∗Jn (f,x,q) are obtained. In addition, we get in the last section
an inequality related to the Cˇebysˇev’s type functional and superquadracity.
Definition 1 ([2, Definition 1]). A function f defined on an interval I = [0, a] or
[0,∞) is superquadratic, if for each x in I there exists a real number C (x) such
that
(1.5) f (y)− f (x) ≥ f (|y − x|) + C (x) (y − x)
for all y ∈ I.
For example, the functions xp, p ≥ 2 and the functions −xp, 0 ≤ p ≤ 2 are
superquadratic functions as well as the function f (x) = x2 log x, x > 0, f (0) = 0.
In Section 2 we use also the following lemmas and theorem for superquadratic
functions:
Lemma 1 ([2, Lemma 2.1]). Let f be a superquadratic function with C (x) as in
(1.5).
(i) Then f (0) ≤ 0
(ii) If f (0) = f ′ (0) = 0, then C (x) = f ′ (x) wherever f is differentiable at
x > 0.
(iii) If f ≥ 0, then f is convex and f (0) = f ′ (0) = 0.
Lemma 2 ([3, Lemma 2.3]). Suppose that f is superquadratic. Let xi ≥ 0, i =
1, ..., n and let x :=
∑n
i=1 aixi, where ai ≥ 0, i = 1, ..., n and
∑n





aif (xi)− f (x) ≥
n∑
i=1
aif (|xi − x|) .
The following Theorem 2 was proved in [1, Theorem 1] for differentiable positive
superquadratic functions f , but because of Lemma 1 (iii) it holds also when f is
not always differentiable.
Theorem 2. Let f : I −→ R, where I is [0, a] or [0,∞) , be nonnegative











aif (xi)−Anf (x) ≥ (n− 1)Anf
(∑n




2. The main results





be the increasing rearrangement of x =(x1, ..., xn) . Let
pi be the permutation that transfers x into x↑ and let (p1, ..., pn) and (q1, ..., qn) be
the n-tuples obtained by the same permutation pi on (p1, ..., pn) and (q1, ..., qn)
respectively. Then for an n-tuple x = (x1, ..., xn) , xi ∈ I , i = 1, ..., n where I
is an interval in R we get the following results:
Theorem 3. Let p = (p1, ..., pn) , where 0 ≤
∑i
j=1 pj ≤ 1, i = 1, ..., n,
∑n
i=1 pi =
1, and q = (q1, ..., qn) , 0 <
∑i
j=1 qj < 1, i = 1, ..., n− 1,
∑n










, i = 1, ..., n
where (p1, ..., pn) and (q1, ..., qn) are as denoted above, and
(2.2) m∗ := min
1≤i≤n
{mi,mi} , M∗ := max
1≤i≤n
{mi,mi} .
If x = (x1, ..., xn) is any n-tuple in In, where I is an interval in R, then
(2.3) M∗Jn (f,x,q) ≥ Jn (f,x,p) ≥ m∗Jn (f,x,q) ,
where f : I −→ R is a convex function on the interval I.
















i=1 qi = 1 and qi > 0 it is obvious that there is an integer k, 2 ≤ k ≤ n
such that x(k−1) ≤
∑n
i=1 qixi ≤ x(k).
We apply Jensen-Steffensen’s inequality for the increasing (n+1)-tuple y =(y1, ..., yn+1)
(2.4) yi =

x(i), i = 1, ..., k − 1∑n
j=1 qjxj , i = k




∗qi, i = 1, ..., k − 1
m∗, i = k
pi−1 −m∗qi−1, i = k + 1, ..., n+ 1
where m∗ is defined in (2.2).
It is clear that a satisfies (1.4). Therefore, (1.3) holds for the increasing (n+1)-
tuple y and for a convex function f .

















































This completes the proof of the right side inequality in (2.3).
The proof of the left side of (2.3) is similar:
We define an increasing (n+ 1)-tuple z
(2.6) zi =

x(i), i = 1, ..., s− 1∑n
j=1 pjxj , i = s




qi − piM∗ , i = 1, ..., s− 1
1
M∗ , i = s
qi−1 − pi−1M∗ , i = s+ 1, ..., n+ 1 ,
where s satisfies xs−1 ≤
∑n
j=1 pjxj ≤ xs. As b satisfies (1.4) and
∑n+1
i=1 bi = 1,
by using Jensen-Steffensen’s inequality, we get the left side of (2.3).
This completes the proof.











= psqs , s 6= 1, n then
it is clear that for pi ≥ 0, and qi > 0, we get that m∗ > m and M∗ < M and
in these cases (2.3) refines (1.2).
In Theorem 4 that deals with superquadratic functions we use the same tech-
niques as used in [5] to prove Theorem 1 for convex functions.
Theorem 4. Under the same conditions and definitions on p, q, x, m and M as
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Proof. To prove (2.8) we define y as
yi =
{
xi, i = 1, ..., n∑n





pi −mqi, i = 1, ..., n
m, i = n+ 1 .
Then (1.6) for y and d is
n∑
i=1









































To get (2.9), we choose z and r as
zi =
{
xi, i = 1, ..., n∑n





qi − piM , i = 1, ..., n
1
M , i = n+ 1
where s is any integer 1 ≤ s ≤ n− 1.
Then, as f is superquadratic and
∑n































































which is equivalent to (2.9).
Remark 2. If the superquadratic function is also positive and therefore according
to Lemma 1 is convex, then (2.8) and (2.9) refine Theorem 1.
The following result is proved for superquadratic functions using the same tech-
nique used in Theorem 3 for convex functions and by using Theorem 2, therefore,
the proof is omitted.
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Theorem 5. Let f(x) be a positive superquadratic function on [0, a] . Let x, p, q,










∑ni=1 (qi − piM∗ )
∣∣∣xi −∑nj=1 qjxj∣∣∣+ ∣∣∣∑nj=1 (qj − pj)xj∣∣∣
n
 ≤ 0.
In the following we state another generalisation of the Jensen inequality for
superquadratic functions, and then we extend Theorems 4 and 5.
Theorem 6. Assume that x = (x1, ..., xn) with xi ≥ 0 for i ∈ {1, ..., n} ,p =
(p1, ..., pn) is a probability sequence and q = (q1, ..., qk) is another probability se-






























































for any xij ≥ 0, ij ∈ {1, ..., n} .
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Now, if we multiply (2.13) with pi1 ...pik ≥ 0, sum over i1, ..., ik from 1 to n and
take into account that
∑n
i1,...,ik=1
































































































hence I = 0 and by (2.14) we get the desired result (2.12).
Theorem 7. Assume that x = (x1, ..., xn) with xi ∈ I, i = 1, ..., n, I is an interval
in R, p = (p1, ..., pn), r = (r1, ..., rn) , ri > 0, i = 1, ..., n are probability sequences,
and q = (q1, ..., qk) , another probability sequence with n, k ≥ 2. Then, for any















































8 S. ABRAMOVICH AND S. S. DRAGOMIR
Proof. The proof is similar to the proof of Theorem 1:























0 ≤ m ≤ 1, 0 ≤ pi1 ...pik−mri1 ...rik ≤ 1 and m+
∑n
i1...ik=1
(pi1 ...pik −mri1 ...rk) =

































This completes the proof of the right inequality of (2.15).
Below we state the analogue to Theorem 7 for superquadratic functions. The
proof is similar to the proof of Theorem 4 and hence it is omitted.
Theorem 8. Under the same conditions on p, q, r, m and M as in Theorem 7,

















































































If f is also positive, then this inequality refines (2.15).
3. Other inequalities
The definition of superquadratic functions and their properties draw our atten-
tion to the possibility of using the Cˇebysˇev functional and its properties to get new
type of reverse Jensen Inequality.











It is well known that, if C is monotonic nondecreasing function on [0,∞) then
the sequences x and C (x) := (C (x1) , ..., C (xn)) are synchronous and for any
probability sequence p we have the Cˇebysˇev inequality
T (C,x,p) ≥ 0.
If certain bounds for the values of the function C (xi) are known, namely
(3.1) −∞ < m ≤ C (xi) ≤M <∞ for any i ∈ {1, ..., n}
then the following inequality due to Cerone & Dragomir [4] holds:











The constant 12 is best possible in the sense that it cannot be replaced by a smaller
quantity.
We can state now the following reverse of the Jensen inequality for superquadratic
functions:
Theorem 9. Assume that x = (x1, ..., xn) with xi ≥ 0 for i ∈ {1, ..., n} , and
p = (p1, ..., pn) is a probability sequence with n ≥ 2. Then for any superquadratic
function f : [0,∞)→ R with C (xi) satisfying (2.16), where C (x) is as in Definition
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for any j ∈ {1, ..., n} .
If we multiply (3.4) by pj ≥ 0, j ∈ {1, ..., n} , sum over j from 1 to n and take
into account that
∑n








































hence by (3.2) and (3.5) we deduce the desired result (3.3).
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